∞ has an associated hyperbolic metric and Möbius transformations act as hyperbolic isometries from one ball to another. The Hillam-Thron Theorem is concerned with images of balls under Möbius transformation, yet existing proofs of the theorem do not make use of hyperbolic geometry. We exploit hyperbolic geometry in proving a generalisation of the Hillam-Thron Theorem and examine the precise configurations of points and balls that arise in that theorem.
Introduction
An (infinite complex) continued fraction is a formal expression
where the a i and b j are complex numbers and no a i is equal to 0. This continued fraction will be denoted by K(a n | b n ). We define Möbius transformations t n (z) = a n /(b n + z), for n = 1, 2, . . . , and let T n = t 1 • · · · • t n . The continued fraction is said to converge classically if the sequence T 1 (0), T 2 (0), . . . converges. Observe that t n (∞) = 0 for every n ∈ N, which is equivalent to T n (∞) = T n−1 (0) for each n ∈ N, with the convention that T 0 is the identity map. Let the continued fraction K(a n | b n ) be such that
where t n (z) = a n /(b n + z). Then the continued fraction converges to a value f ∈ D.
It is our intention to establish a generalisation of Theorem A in a geometric context that is independent of dimension and is conjugation invariant. To this end, we first interpret Theorem A within this framework. In geometric terms, Eq. (1.2) says that D is an open Euclidean disc that contains the origin within its interior. The transformations t n map ∞, which is strictly exterior to D, to 0, which is strictly interior to D. This is of particular significance to We have now described the assumptions of Theorem A in geometric terms that make sense in all dimensions. In this paper we amend the assumption that t n (D) ⊆ D in the following manner. Equation (1.4) ensures that
It is intuitively clear, and will subsequently be proved, that the intersection of this nested sequence of closed discs is itself a closed disc. The discs T n (D) converge, in a sense that will later be made precise, to this intersection of closed discs. It is our contention that it is the convergence of T n (D) that is significant in the Hillam-Thron Theorem, not the nested requirement. Moreover, all the geometry should be set within C ∞ (or R N ∞ in higher dimensions), rather than C, since Möbius transformations are conformal bijections of the former space and not the latter. We state our generalisation of Theorem A bearing in mind all the above modifications. If X consists of a single point x, then in fact T n converges uniformly within D to x, and given a, b, D and X , the set D ∪ {b} is the largest set on which pointwise convergence of T n to x is assured. If X is a closed ball of positive chordal radius then T n converges locally
